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Scaling relation in the burst process of fibre bundles 
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t h t i t u t e  Of Low Energy Nuclear Physics, Beijing Normal University, Beijing 100875, 
People’s Republic of China 
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AbstmeL The bunt p m c s s  in a load-carrying bundle of fibres is considered. For a 
bundle of finite tolal number of fibres, large bunts near complete failure are shown 10 
exhibit scaling behaviour. 

The properties of the distribution of the fibre bundle strengths have been discussed 
by several authors [l-7). Consider a bundle of fibres of total number N, stretched 
at both ends. The fibres are assumed to have identical elastic properties, i.e., obey 
Hooke’s law with the same elastic modulus. On the other hand, different strengths 
are assumed: the maximum load, t, the fibres are able to carry before failure has 
some statistical distribution p(t) for the individual fibres. It was found that [l] 
for a wide class of threshold strength distributions p( t), the  distribution of bundle 
strengths approaches asymptotically for large N a Gaussian distribution. In their 
recent preprint [7] Hemmer and Hansen proved that before complete failure the 
expected number (per fibre) D(A) of bursts with ‘size’ A, in which total number of 
A broken simultaneously, fits a universal power law 

for arbitrary distribution of the individual fibre strength. D ( A )  refers to the distri- 
bution in the limit N - m. For finite N it cannot, therefore, describe the behaviour 
of the bursts of very large size, such as the last failure. The motivation of the present 
letter is to discuss in more detail the failure process for large but finite N, and 
propose another scaling law about the bursts of large size up 10 the lasf failure. 

The failure process consists of many steps of bursts. A typical process is shown 
in figure 1, where T is the ‘time’, or the step, at which a burst of size A occurs. 
The change of A with T is certainly not monotonic. We define Tk and Ah such 
that the size A, is the largest one for any T < Tk. The monotonic series Ah is 
called f h e p s f  series, where the k‘s are the indices of the series. The complete failure 
always belongs to the first series of bursts. The time, when the last failure occurs, is 
taken to be zero, and the corresponding index in the first series is also set zero. The 
time, T,’s and the indices in the first series, IC‘s, are then always negative or zero. 
Simulation for any sample gives 

. ., T-4 7 T-3 3 T-2 3 T- 1 > To = 0 
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Figure 1. The bunt process for a bundle wilh N = 500 fibres. This process lasts for 
160 sleps. The values of index k for the fin1 series are indicated on lhe graph. T is 
the time (or step number) of the bunts, and A is the size. The time for the last burs1 
is assumed io be zero. 

and 

. ,A-4, A-33 A-2, A-,  > Qo 

where A, is the size of the last failure. It is found that the value of A, is, for the 
uniform threshold distribution, roughly half of the total number of fibres. In figure 2 
we show results for A and T of the first series in a simulation experiment. 

The threshold strength distribution is taken to be uniform. The data are averaged 
over lo3 samples of bundles with N = 5 x  lo5 fibres. There is apparently a power-law 
relation between A and the index of the series. The standard least square method 
gives that 

A, a ( k ,  - k)*  (2) 

with a 
In N / 2  = ln(250000) = 12.42. A similar power-law holds for Tk 

-1.45, see figure 2(a). In figure 2(a) one will find In A,, is close to 

Qj 

with p 2 2.01, see figure 2@). Then we get the power-law relation between A, and 

m I \ R  - T, a ( k ,  - K J -  

Tk 

A, a (T,  - 7;)” (4) 

with U = a/P = -0.72, see figure 2(c). For this simulation we have that kc = 0.04 
and T, 2 0.10. These values, however, are not universal. The fact that the values 
of kc and T, are all positive, and close to zero means that the final burst Occurs 
immediately before the critical time T,. In order to examine the universality Of 
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Flgure 2. The scaling relations for the first series. 
Uniform threshold strength distribution is assumed. 
The simulation results are based on IO3 samples 

this scaling property we chose four other threshold strength distributions below in 
simulations: 

(a) p ( t )  = 2(1 - t )  where 0 < t < 1; 
(b) p ( t )  = 2t where 0 < t < 1; 
(c) p ( t )  = 211 - 2t( where 0 < 1 < 1; 
(d) p ( t )  = 5t4exp(:-t5) where 0 < t < CO. 

Within numerical accuracy, the results verify that the values of the exponents a, p 
and v are universal, independent of the underlying threshold distribution. 

Finally we note that the universal behaviour (4) allows prediction of the complete 
failure. Linear extrapolation of A:’” versus Tk yields Tc, the approximate time for 
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complete failure. It is interesting to note that the phenomenological Gutenberg- 
Richter power-law for earthquakes [SI is similar to that of fibre failure processes. It 
is then expected that scaling relations similar to (2)-(4) might be found in earthquake 
processes. 

The authors thank Professor Z Q Huang for discussions. This project is partially 
supported by the Education Committee of the State Council through the Foundation 
of Doctoral Paining. 
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